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Abstract 

We construct and investigate a short exact sequence of Poisson l.®~groupoids (see 
(155)) 1 which is canonically related to the Atiyah sequence of a G-principal bundle 
P. Our results include a description of the structure of the symplectic leaves of the 
Poisson groupoid p ^ The semidirect product case, which is important 

for applications in Hamiltonian mechanics, is also discussed. 
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1 Introduction 

For many physical systems the configuration space is the total space of a principal 
bundle P{M, G) over a base manifold M which parametrizes the external degrees of free¬ 
dom of the system under consideration. That is, there is a symmetry group G which acts 
freely on P with a quotient manifold P/G = M and the projection P —?• M is locally 
trivial. In this situation the action of G lifts to the phase space T*P with quotient man¬ 
ifold T*P/G. The action of G on T*P is by symplectomorphisms and so the symplectic 
structure descends to a Poisson structure on T*P/G. This quotient space and its Poisson 
structure encode the mechanics and the symmetry of the original system. 

The typical situation is when the Hamiltonian of the system is invariant with respect 
to the cotangent lift of the action of G on P. Then the quotient manifold T*P/G becomes 
the reduced phase space of the system. For example the above happens in rigid body 
mechanics [5] or when one formulates the equation of motion of a classical particle in a 
Yang-Mills field: the electromagnetic field is a particular case [laiis]. 

When the action of G is lifted to TP the quotient manifold TP/G is the Atiyah 
algebroid of P{M.G), or equivalently the Lie algebroid of the associated gauge groupoid. 
There is a natural structure of vector bundle on TP/G with base M, and sections of this 
correspond to vector fields on P which are invariant under the group action; these are 
closed under the Lie bracket and define a bracket on the sections of TP/G —>■ M. 

There are interesting geometric objects which include TP/G and T*P/G as their cru¬ 
cial components. In this paper we will consider the Atiyah sequence (|37p and the dual 
Atiyah sequence (1551) as well as the symplectic dual pair ([5211 . From the dual Atiyah 
sequence we also construct a short exact sequence of IIB-groupoids ([77)1 over the gauge 
groupoid =1 P/G. The concept of VS-groupoid [TU] is recalled in Section [51 The 
short exact sequences of IlB-groupoids which we construct and study (see in particular 
the diagrams ([77[) and ([861) 1 relate the various algebraic and Poisson structures inherent 
in the situation. 

Even the case P = G is very productive from the point of view of the applications 
in Hamiltonian mechanics as well as Lie groupoid theory. Note here that the cotangent 
groupoid T*G ^ T/G is the symplectic groupoid of the Lie-Poisson structure of the dual 
T*G = T*G/G of the Lie algebra T^G of G, see [2]. As we will see, for a general principal 
bundle P the cotangent groupoid T*G ^ T*G is replaced by the symplectic groupoid 
T*{ ^q^ ) ^ T*P/G which one obtains by the dualization (in the sense of VS-groupoid 
dualization [iniiT]) of the tangent prolongation groupoid ^ T{P/G) of the gauge 

groupoid. 
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We now describe the contents of each section in detail. 

Section [2] is concerned with aspects of V^-groupoids: their duality, principal actions of 
a Lie group G on a LlB-groupoid, and short exact sequences of 1®-groupoids. The main 
results are presented in Theorem 0] and Theorem fTOl which show that for V23"groupoids, 
and for short exact sequences of TB-groupoids, the operations of dualization and quotient, 
commute. 

In Section [3] we recall the definitions of Atiyah sequence and dual symplectic pair and 
describe the relationship between these notions. Using this relationship we describe in 
detail the ‘double fibration’ structure of the symplectic leaves of T*P/G] see Theorem 1151 

In Section 01 we extend the Atiyah sequence (157)1 and its dual ([55)1 to short exact 
sequences of UB-groupoids over the gauge groupoid, see (|77)l and (l86ll respectively. From 
the point of view of Poisson geometry the most important structures are described by 
the diagram ([86]), in which all objects are linear Poisson bundles and all arrows are their 
morphisms. Consequently, using ()86p . we obtain various relationships between the Poisson 

and vector bundle structures of T P/G and -—^ -, as well as the groupoid structures 

of T*{^) ^ T*P/G and t*PxT*p ^ t*p/q_ 

The case when P is a group H and G = N is a normal subgroup of H is discussed in 
Section [5l Some geometric constructions useful in Hamiltonian mechanics of semidirect 
products, see [SiEiigiii], are also presented in this section. 

2 Short exact sequences of groupoids 

The groupoids with which the paper will be chiefly concerned are the tangents and 
cotangents of gauge groupoids, and certain groupoids related to them. For any groupoid 
^ the tangent bundle has both a Lie groupoid and a vector bundle structure and 
these are related in a natural way. Owing to the relations between these structures, the 
cotangent bundle T*^ also has a natural Lie groupoid structure, and indeed is a symplectic 
groupoid with respect to the canonical cotangent symplectic structure [3]. 

The relations between the groupoid and vector bundle structures on were ab¬ 
stracted by Pradines [TO] to the concept of "PB-groupoid, and [TO] showed that for a gen¬ 
eral UB-groupoid 0, dualizing the vector bundle structure on 0 leads to a IIB-groupoid 
structure on Q*. We recall this construction in §Et 1[22] and 12.31 For further detail, see 
[71 Chap. II]. 

In H2.4l we show that, under a natural condition, short exact sequences of IIB-groupoids 
may be dualized; see Theorem 01 We then show that when the base of a "PB-groupoid is the 
total space of a principal bundle, the group of which acts on, and preserves the structure 
of, the "PB-groupoid, the quotient spaces form another "PB-groupoid (Theorem [5]). Finally 
in 112.51 we show that the two processes — taking the quotient and taking the dual — 
commute fTheorem ITOl) . 
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2.1 V2B—groupoids 

We consider manifolds with both a groupoid structure and a vector bundle structure. 
The compatibility condition between the groupoid and vector bundle structures can be 
described succinctly by saying that the groupoid multiplication must be a morphism of 
vector bundles and that the vector bundle addition must be a morphism of groupoids. In 
fact these conditions are expressed by a single equation. In order to formulate the equation 
several conditions on the source, target and bundle projections are necessary. 

Consider a manifold with a groupoid structure on base B, and a vector bundle 
structure on base Here B is to be a vector bundle on base P and is to be a Lie 
groupoid on the same base P. (At present P is an arbitrary manifold; later it will denote 
a principal bundle.) These structures are shown in Figured) 


n — 

f s t S 

B - ^^P 


Figure 1 

The crucial equation, as described above, is 

(6+ 6)(??i+??2) = 6m+6??2, (1) 

where 6 ^ order for + ^2 to be defined we must Jiave A(6) = ^(.^ 2 ) where 

A : H —>■ is the bundle projection. Likewise we must have X{r]i) = A(r/ 2 ). For ^ir/i to 
be defined we must have s(^i) = t(rji) and likewise we must have s(6) = t(m)- If ’'^0 
impose the conditions that the source and target projections H —)• H are morphisms of 
vector bundles, then it will follow that the product on the left hand side of ([T]) is defined. 
Likewise, if A is a morphism of groupoids, then the addition on the right hand side will 
be defined. We now state the formal definition. 

Definition 1. A FB-groupoid consists of four manifolds H, B, P together with Lie 
groupoid structures Q ^ B and ^ ^ P and vector bundle structures H and B ^ P, 
such that the maps defining the groupoid structure (source, target, identity inclusion, 
multiplication) are morphisms of vector bundles, and such that the map 

e^(i(0,A(0), n^Bxp^ = {ib,j) I A(6) = s(7)} (2) 

formed from the bundle projection A and the source projection s, is a surjective submersion. 

The need for the final condition will be clear in 112.21 The map in ([2|) may be denoted 
(s. A). Also, we refer to =1 P as the side groupoid and to P ^ P as the side vector 
bundle. 
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The condition that the identity inclusion be a morphism of vector bundles is the hrst 
equation in Q below. It follows that Iqj, = Oi^; that is, the groupoid identity over a zero 
element of B is the zero element over the corresponding identity element of ^. Further, 
l_ft = —1ft for b ^ B. Since multiplication and identity are morphisms of vector bundles, 
it follows in the usual way that inversion is also a morphism of vector bundles, and this is 
the second equation in ([3]). 

I 61+62 = Ifoi + 1^2 5 + v) ^ ^ ^ V ^ ■ (3) 

Next, the zero sections define a morphism of groupoids. To see this, first consider sources. 
By the definition, soO = Oos, since s and s constitute a morphism of vector bundles. But 
this can also be read as stating that 0 and 0 commute with the sources. In the same way, 
0 and 0 commute with the targets and the multiplication, and are therefore a morphism 
of Lie groupoids. So we have the first two equations below. 

O7172 = 07i072> 0.^-1 = 0 "\ =- Tj ^. ( 4 ) 

The third equation follows by a similar argument. 

2.2 The core of a 1/23-groupoid 

A necessary ingredient in the duality of I®-groupoids is the concept of core. The core 
K of a V^-groupoid (fl; B]'^] P) is the intersection of the kernel of the bundle projection 
\ '.fl ^ ^ with the kernel of the source s : Q. ^ B. 

Equivalently, K is the preimage under (s. A) of the closed submanifold {(Op, Ip) | p € 
P}. Since (s. A) is assumed to be a surjective submersion, K is a closed submanifold of Q. 

The core inherits a vector bundle structure, with base P. Define Xk : K ^ P hy 
k I—)• s{X{k)). For ki,k 2 G K with Xxiki) = XK{k 2 ), the sum ki + ki G D is defined and 
is in K. The vector bundle conditions are easily verified. 

Example 2.1. For any Lie groupoid ^ ^ P, the groupoid T'^ ^ TP obtained by 
applying the tangent functor to the structure of 1#, is a IlB-groupoid, {Tf^;TP,f^] P). 
The core is the Lie algebroid AXS. 

When is a Lie group G, the multiplication in the tangent group TG is given by 
dS]) and TG is isomorphic to the semi-direct product G k T^G. For general groupoids 
Tf0 ^ TP is not a groupoid semi-direct product. 

2.3 The dual of a groupoid 

Since A : D —>■ 1# is a vector bundle, it has a dual bundle A* : D* —Somewhat 
surprisingly, this has a natural Lie groupoid structure with base K* and these structures 
make (D*; iF*, P) a IlB-groupoid [TO] . 

Take <1> G D* where 7 = A(<1>) G ^ has source p = 3 ( 7 ) and target q = 1 ( 7 ). Then the 
target and source of <I> in K* and K* respectively are defined to be 

{t^{^),k) = {^,k0^), k £ Kq, (s*(<l>), fc) = (4>, —0.y/c“^), k £ Kp. (5) 
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The lack of symmetry is unavoidable: in defining the core one must take either the kernel 
of s or of t. 

For the composition, take T G with s*(T) = t*(<l>). To define G we must 
define the pairing of with any element of Qs'y- Now any element ( of Qs-y can be 
written as a product r]^ where r] £ Qs and ^ G We claim that 

= + ( 6 ) 

is well defined. Any other choice of rj and ^ must be r]T~^ and for some r with 
s(r) = s{r]) = t(^). Also, r must project to Ig G where q = s{6), since must lie in 
the same fibre over as rj. 

Write b = s(r). Then r — 1;, is defined and is a core element, say k. Now we have 
r]T~^ = rj(lb + k)~^ = {r] + 0s)(Jb + k~^) = rj + 0sk~^ so 

(T,r/r"^) = (T,r/) + 

Proceeding in the same way, we likewise find that 

From s*('I') = t*(<l>) we know that —= (<h,/cO.^), so © is well-defined. 

We now define the identity element of O* at x € K*. To do this we need to 
with elements of O which project to Ip G ^. Take such an element ^ and write b 
Then — If, is a core element k and we define 

(l^,lb +k) = {x,k). (7) 

It is now straightforward to check the proof of the following result. 

Proposition 2. Given a VB-groupoid (fl, il, 1#; P), the construction above yields a VB- 
groupoid {id*] K*P) with core B*. 

Given uj £ B*, we identify it with the element uJ £ it* defined by 

(tJ, If, -I- A:) = (w, b + t{k)). 

Example 2.2. Given a Lie groupoid ^ P, the dual of the LK-groupoid (Tf^; TP; P) 
is [T*^]^,A*^]P) where is the Lie algebroid of The groupoid T*^ ^ is a 
symplectic groupoid with respect to the canonical symplectic structure on T*<^ [3US]. 

2.4 Short exact sequences of 1/23—groupoids and their duals 

The main constructions of the paper rely on dualizing short exact sequences of VB- 
groupoids and in this subsection we give the basic results for this process. First we need 
the concept of morphism. 

A morphism of VB-groupaids (n;P,f#;P) —>■ {id']B',i^']P') is a quadruple of maps 
P : n —)■ n', /s : P —> B', fy : ^ and f : P ^ P' such that (P, fy) and {Jb, /) are 

morphisms of vector bundles, and (P, fs) and (/^, /) are morphisms of Lie groupoids. 


pair 1^ 

= m- 
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It follows that F restricts to a vector bundle morphism of the cores fK ■ K ^ K'. 

For the purposes of this paper we only need consider the dualization of morphisms 
which preserve ^ P. 

Proposition 3. Let F : fli —> 112 and B 2 , together with the identity maps on 

and P, he a morphism of VB~groupoids {Lli] Bi,'^] P) —( 172 ;P). Then the dual 
maps F* : LI 2 ^ Ik ■ ^2 together with the identity maps on and P are 

a morphism of VB-groupoids {LI 2 ; P) —?> {Lll; P). 

The proof is a straightforward verification. We will apply the duality of IIB-groupoids 
to structures in which the side groupoid is a gauge groupoid, or is closely related to a 
gauge groupoid. At the moment we continue to allow the base manifold P to be arbitrary; 
later in the section it will denote a principal bundle. 

A short exact sequence of VB-groupoids consists of three "FS-groupoids and two mor¬ 
phisms, as shown in Figure [21 such that the three IIB-groupoids have the same side 
groupoid ^ ^ P and the morphisms {F, fs) and {H^hs) preserve and P, and such 
that 17i ^ 172 — 7 > ^^3 is a short exact sequence of vector bundles over . This includes the 
conditions that the kernel of F is the zero bundle over and that the image of H is 173, 
as well as exactness at 172 - 



Figure 2. 


Theorem 4. Consider a short exact sequence of VB-groupoids, as just defined and as 
shown in Figure^ Then: 

f ^ 

(i) Bi B 2 P 3 is a short exact sequence of vector bundles over P; 

(ii) Ki ^ K 2 ^ K 3 is a short exact sequence of vector bundles over P, where Ki is the 
core of Cli, and fx, hx are the induced morphisms of the cores; 

(hi) the dualization of the short exact sequence of VB-groupoids over ^ P results in 
the situation shown in Figure [3l which is therefore also a short exact sequence of 
VB~groupoids. 
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Proof. For (i) and (ii) there are six conditions to establish. We give three representative 
proofs. 

First we prove that /^ : > B 2 is injective. Take bi € Bi and suppose that 

fsibi) = 0. Then = 1/^(6!) = lo- It is also true that T(lo) = 1 /^( 0 ) = lo so since 

F is injective we have = lo and therefore bi = 0. 

Secondly we prove that ■ K 2 is surjective. Take G K^. Since C ^3 

and if : ^2 —>■ fls is surjective, there is ^ € ^2 such that H{f) = k^. Now if projects to 
<7 G it follows that k^ also projects to g] since k^ is a core element we have g = Im for 
some m & P. Now write X G i?2 for the source of f. We have hsiX) = 0. 

The subtraction f — lx is dehned since both project to Im in And C — Ijv has source 
X — X = 0 so is a core element. Now — lx) = k^ — Iq and Iq = Oi, the zero element 
in the hbre over 1^- So — lx is a core element which is mapped by H to k^. 

Thirdly we prove exactness at K2. Since fx and hx are restrictions of F and H it 
follows from H o F = D that hx o fx = 0 . Now suppose that hx{k2) = 0 where ^2 G K2. 
By exactness at ^ 2 ) there exists G such that F{f^i) = ^ 2 . Write bi = s(^i). Then 
fsibi) = 0 and since fs is injective, it follows that 61 = 0. Now A(.^i) = A(/c 2 ) = Ip for 
some p G P, so G Xi. So the sequence of cores is exact at K 2 . 

The other conditions are proved in the same way. 

Now apply Proposition [3] to P and H as morphisms of llB-groupoids. It follows that 

F* and H* are morphisms of VK-groupoids as shown in Figure [3l 
F H 

Since Hi —>■ 112 —?> ^3 is a short exact sequence of vector bundles over the duals form 

JJ* jp* 

a short exact sequence fig —>■ —>■ ^i, again of vector bundles over 1#. This completes 

the proof of (hi). □ 



Figure 3. 


2.5 Quotients of groupoids over group actions 

We now need to establish that this dualization process commutes with quotienting 
over a group action. In the cases which we consider, the base manifold P is a principal 




















G-bundle and we need to quotient over the action of G. In this situation the required 
quotient manifolds exist, and the constructions are straightfoward. 

First consider vector bundles over the total space P of a principal bundle. A PBG- 
vector bundle over P is a vector bundle E ^ P together with an action P x G —>■ P by 
vector bundle automorphisms over the principal action n : P x G ^ P. 

Denote the orbit of e € P by (e). The projection X : E/G ^ P/G = M is defined 
by A((e)) = fJ-{q{e) where A : P —)■ P is the bundle projection of P. Take (e), (e') G E/G 
such that A((e)) = A((e')). Then there exists a unique g £ G such that A(e') = X{e)g. We 
define (e) + (e') = {eg + e') and t{e) = (te) for t G M. It remains to prove that E/G — P/G 
is locally trivial; for this and the rest of the proof of the following proposition see m §3.1]. 

Proposition 5. Let E he a PBG-vector bundle over P{M,G, fj,). Then the quotient man¬ 
ifold E/G exists, and has a vector bundle structure with base P/G = M, such that the 
natural projection E ^ E/G is a vector bundle morphism over p. 

The case E = TP arises in constructing the Atiyah sequence of a Lie algebroid. 

There is a corresponding notion for Lie groupoids. A PBG-groupoid over P{M,G) is 
a Lie groupoid ^ ^ P together with an action ^ x G ^ ^ hy groupoid automorphisms 
over the principal action P x G ^ P ([3 2.5.4]). 

Denote the orbit of 7 G by ( 7 ). The source and target maps s:W/G^ P/G = M 
and t : ^/G P/G = M are defined by s(( 7 )) = p{s{'j)) and t(( 7 )) = Given 

( 7 ) and ( 7 ') with s(( 7 )) = t(( 7 ')) there exists a unique g £ G such that s(y)g = 1 ( 7 '). We 
define 

(7) (7') = High')- 

That ^/G ^ P/G is a groupoid is straightforward to check. The remaining details of the 
following proposition can be found in [TJ §3.1]. 

Proposition 6. Let*^ be a PBG-groupoid over P{M,G, p). Then the quotient manifold 
exists, and has a Lie groupoid structure with base P/G = M, such that the natural 
projection tS ^ ^/G is a morphism of Lie groupoids over p. 

See [3 2.5.5] for the proof. These two constructions can be combined so as to apply 
to 'IlB-groupoids. 

Definition 7. Let P{M,G, p) be a principal bundle. A PBG-VB-groupoid over P{M,G) 
is a 'IlB-groupoid (D; B,^-,P) together with right actions of G on each of the manifolds D, 
B and ^ such that LI ^ B and ^ ^ P are PBG-groupoids and P —)■ P is a PBG-vector 
bundle. 

Proposition 8. Let [Ll] B,^] P) be a PBG-VB-groupoid over P{M,G, p) with core K. 
Then the quotient manifolds Ll/G, B/G, f#/G and K/G exist, and form a VB-groupoid 
{Ll/G]B/G,'i^/G]P/G) with core K/G such that the natural maps Ll^Ll/G, B ^ B/G, 
—>■ f^/G and P —)■ P/G = M, constitute a morphism of VB-groupoids. 

The proof only requires assembling the results of Propositions [5] and [H 
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We now need to establish that this quotienting process commutes with dualization. 
Consider a PBG-l/lB-groupoid {fl] P) and its dual (O*; iiT*,!#; P). Equip Q* and K* 
with the contragredient actions of G; that is, 

{4>9,k) = {(j),kg-^), 

for G 7 G ^ G ^-yg, g ^ G, (f> ^ K* and k £ K. 

Proposition 9. With the structures just defined, {Q*;K*,W;P) is a PBG-VB-groupoid 
and the canonical maps 


n*/G^{n/G)*, K*IG^{KIG)*, 

together with the identities on and P, constitute an isomorphism of VB-groupoids. 

The proof is a lengthy but straightforward verihcation. 

Finally in this section we need to consider the preservation of exact sequences of PBG- 
flB-groupoids under dualization and quotient. The proof is a straightforward application 
of the techniques used above. 

Theorem 10. In the short exact sequence shown in Figure^ assume that each VB-group- 
oid has the structure of a PBG-VB-groupoid with respect to a principal G-bundle structure 
on P, and that F and H are G-equivariant. Equip the dual sequence, shown in Figure^ 
with the contragredient G-actions. Then the dual short exact sequence is also a short exact 
sequence of PBG-VB-groupoids and the canonical maps TL*/G — >■ {Hi/G)* and K*/G —>■ 
(Ki/G)* together with the identities on^ fG and PjG, constitute an isomorphism ofVB- 
groupoids over P/G. 

3 The dual Atiyah sequence 

The Lie algebroid of a gauge groupoid is the Atiyah algebroid of the corresponding 
principal bundle, and this Lie algebroid is the central term of a short exact sequence of Lie 
algebroids, the Atiyah sequence. Accordingly, the dual of this Lie algebroid is the central 
term of a short exact sequence of vector bundles with Poisson structures. In this section 
we set up the notation needed for the study of this dual sequence. We also investigate the 
hbre structure of the symplectic leaves of the Poisson manifold T*P/G using the notion of 
dual symplectic pair together with that of Atiyah sequence. The main results are collected 
in Theorem 1151 

3.1 Principal bundles 

We consider a principal bundle P{M, G, p) where k : P x G ^ P is a free right action 
of a Lie group G on a smooth manifold P, and /r : P —> M is a surjective submersion for 
which the hbres equal the orbits of G; thus M = P/G. As in the previous sections, we 
always assume that the bundle is locally trivial. 
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One may take the tangent right action 


Tk:TP xTG ^ TP 


of the tangent group TG on the tangent bundle TP. 

Applying the tangent functor to the multiplication in G we obtain a group structure 


on TG, denoted here by •. For Xg &TgG and & T^G, we have 

Xg.Yh = TLg{h)Yh + TRh{g)Xg, ( 8 ) 

where Lg{h) := gh and Rh{g) '■= gh. In particular for Xg, Yf, € TgG and zero elements 
Og € TgG and 0/i € ThG one has 

Ye •Ye = Xe + Ye, Og • Oh = Ogh, Og • Xg = TLg{e)Xe. (9) 

We see from ([9]) that the zero section 0 : G —)• TG of the tangent bundle TG is a group 

monomorphism and one has the decomposition 

TG = G • TeG ^ G X TeG (10) 

of TG as a semi-direct product of G and the normal subgroup TeG C TG. 

We will use the following notations: 

i^{p,9) = i^pig) = Kg{p) = pg ( 11 ) 

where Hp : G ^ P and Kg : P ^ P. Thus we have 

TKp{g) : TgG ^ TpgP and TKg{p) : TpP ^ TpgP (12) 

for g £ G. The action Tk : TP x TG —>■ TP of the tangent group TG on the tangent 

bundle TP can be expressed by 

TK{p,g){vp,Xg) = TKg{p)vp + TKp{g)Xg. (13) 


In the following two propositions we collect various equalities and bundle isomorphisms 
which will be useful in what follows. The proof of the first proposition is a direct calcula¬ 
tion. 


Proposition 11. For g,h £ G and p £ P, 

Kg O Kp = Kp O Rg, (14a) 

KgO Kp = KpgO Ig-1, (14b) 

Kpg - Kp O Lg, (14c) 

TKpg{e) =TKg{p) oTKp{e) O Xdg, (14d) 

TKg{p)~^ =TKg-i{pg), (14e) 

TKghip) = TKh{pg) oTKg{p), (14f) 

T*Kgh{p) = T*Kh{pg) o T*Kg{p), (14g) 

where Ig = Lg o Rg-i, Ad^ = TIg{e) and T*Kg{p) : TpP ^ defined by 

T*Kg{p) := {TKg{p)-^y . (15) 
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Write P for the vertical subbundle of TP] that is, P = kerT/r, and T^*P for 
its dual. 


Proposition 12. There are the following isomorphisms of vector bundles: 

TP/TeG ^ TP/T^P, (16a) 

TP/TG ^ {TPfTeG)fG, (16b) 

T{P/G) ^ TP/TG, (16c) 

T^P/G^PxAdcTeG, (16d) 

T^*P/G^PxAd*GT:G, (16e) 

where {p,X) € P XAdG TeG is defined by {p,X) := {(pg', Ad^-i X) : g G G}. 

Proof. Using the vector space isomorphisms 

TKp{e):TeG^T^P (17) 

and the action of the subgroup TgG P TG on TP defined by 

TpP X T^G 3 {vp,Xe) I— >■ Vp + TKp{e)Xe G TpP (18) 

we obtain (|16ap . 

In order to prove (I16bh we observe that 


TKg{p){Vp + TKp{e)Xe) = TKg{p)Vp + {TKg{p) o TKp{e))Xe 

= TKg{p)Vp + T{KgO Kp){e)Xe = TKg{p)Vp + T{KpO Rg){e)Xe 

= TKg{p)vp + TKp{g){TRg{e)Xe). (19) 


Assuming Xg = TRg{e)X(, we hnd from (fT^ that the double quotient vector bundle 
{TP/T(,G)/G is isomorphic to the quotient bundle TP/TG. 

Since the fibres of T/i are orbits of the action ()13p we obtain the vector bundle isomor¬ 
phism mentioned in ()16cp . 

Let us define actions fig :TP^TP and fi*g : T*P -3 T*P of 5 G G as follows 

fig{v){pg) ■■= TKg{p)v and fi*g{ip){pg) := T*Kg{p)ip (20) 


for V G TpP, If ^ TpP. For the vector bundle trivialization I : P x T^G XT). T^P defined 
by 

I{p,Xe):=TKpie)Xe ( 21 ) 

one has 

fig O I = I O {Kg X Adg-i), (22) 

where g (z G. Thus the bundle isomorphism I : P x T^G Xfi. T^P dehnes the isomorphism 
[/] : P XAdG TeG ^{Px T,G)/G ^ T^P/G 
of quotient vector bundles presented in ()16dp . Dualizing (|22p we obtain the isomorphism 

(fT6^ . □ 
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3.2 The symplectic dual pair 

We recall that the canonical 1-form 7 on T*P is defined by 

■= ( 23 ) 

where tp £ T*P and G Ttp{T*P). Here vr* : T*P ^ P is the projection of T*P on the 
base P. We note that 

Ttt* o T(t)*g = 4>gO Ttt* (24) 

for any g £ G. From the definition (I23p and (|24p one has 


= {T*Kg{p)p,TKg{p)oT'K*{p)ig,) = {p,THig{p)~^ oTKg{p) oT7T*{p)^g,) 

= {p){ig,)) = (7<p,C<p), 

which means that 7 is invariant with respect to the action (f>* : T*P ^ T*P defined in 
([ 20 ]). This action generates two maps: 

ttg : T*P T*P/G, and J : T*P T^G, (25) 


where ttq is the projection to the quotient manifold and J is the momentum map defined 
by 

J{p) := (poTKp{e), (26) 


for 0 G T;P. 

In order to see that (|26l) is the momentum map for the symplectic manifold {T*P,d'y) 
let us take X £ T^G and consider the corresponding vector held £ r°°{T{T*P)), i.e. 
the held dehned by 




(27) 


where / £ G°°{T*P). For one has 


(7(7>),e"'(7’)) = {p,T7T*ip)eiv>)) = {p,TKpie)X) = {J{p),X). (28) 


Hence we obtain 

e^d^ = -d{e^i) = -d{j^x). ( 29 ) 

The hrst equality in ([2^11 follows from L^xd'^ = 0 and the second one from (f25|l . Next, for 
g £ G one has 


J{(j)*g(p) = J{T*Kg(p) = J{p oTKg{p) ^) = (poTKg{p) ^oTKpg{e) 

= poTKg-i{pg) oTKpg{e) = poTKp{e) o Adg = Ad*_i J{p), (30) 

which shows that J : T*P T*G is an equivariant map. So, from (|29l) and (I30p we con¬ 
clude that J : T*P T*G is the momentum map for the symplectic manifold {T*P,d'y). 
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One has the canonical Lie-Poisson structure on T*G defined by 

T^L-piTf,Tg){x) := (x, [T/(x),Tc/(x)]), (31) 

where f,g€ C°°{T*G) and [•, •] is the Lie bracket of the Lie algebra TgG. 

Since the symplectic form dy is invariant with respect to the action cj)* : T*P —>• T*P 
of the group G, defined in (l2n|) . the Poisson bracket {f,g} of G-invariant functions f,g& 
G°°{T*P) is also an G-invariant function. So, the quotient manifold T*P/G is a Poisson 
manifold, the Poisson structure of which is defined by the quotienting of the structure on 

rp*p 

Remembering that the action of G on P is free, we conclude that for any p ^ P 
the map J : T*P ^ T*G is a submersion onto. Thus we see that the momentum map 
J : T*P T*G is a surjective submersion. So, one has two surjective Poisson submersions: 



(32) 


from the symplectic manifold T*P, such that the Poisson subalgebras {ttq)*{G°°{T*P/G)) 
and J*{G^{T*G)) are polar one to another, see [2]. Therefore, the diagram (1321) gives a 
full symplectic dual pair in the sense of the definition in Subsection 9.3 in [2]. 

Let us mention that ttq is a complete Poisson map, see Proposition 6.6 in [2]. The 
completness of the momentum map J follows from its G-equivariance. In the rest of the 
paper we will assume that G and P are connected manifolds. This implies the connectness 
of the fibres of ttq and J. Taking into consideration this assumption and the properties of 
the dual symplectic pair (f32]l mentioned above one finds (see m) that there is a one-to-one 
correspondence between the symplectic leaves 

S = 7r*a{J-H0)) 

of T*P/G and the coadjoint orbits 

0 = J{{n*a)-\S)) 

which are the symplectic leaves of T*G. 

3.3 The dual Atiyah sequence 

Using the vector bundle monomorphism I : P x Tf.G —> P C TP, defined in (ED, 

we obtain the following exact sequence 

P X TeG -^TP ^ TP/TeG (35) 


(33) 

(34) 
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of vector bundles over P. The map I is given by (|21|) and ^4 is a quotient map defined as 

A{vp) := [vp] =Vp + TKp{e)TeG, (36) 

where Vp € TP. 

Quotienting ((3^ over the G-action and using the isomorphisms (|16bl) , (jl6cp and (|16dl) , 
we obtain the Atiyah sequence 

PxAdcTeG -^ TP/G -^ T{P/G) 


\pri] 


vr 


TT 


P/G 


id 


P/G 


id 


P/G. 


(37) 


where i =: [/] and a := [A] is the anchor map, e.g. see [7j. 

It follows from ju, o Kg = that Tfj, : TP ^ T{P/G) is constant on the orbits of the 
action (j)g: TP ^TP,g£G. Note that all terms of the above short exact sequence have 
a Lie algebroid structure over P/G and the central term is the Atiyah algebroid. So, it 
follows from Lie algebroid theory (e.g. see [71 Chap. 3]) that the short exact sequence 


T*{P/G) -^ T*P/G - 


TT 


vr 


Ipn] 


P/G - - -- P/G - - -- P/G. 


(38) 


dual to the Atiyah sequence (1571) . is a short exact sequence of Poisson maps of linear 
Poisson bundles. Let us explain more precisely the above statement. 

The action (p* : T*P T*P, g € G, preserves the vector bundle structure vr* : T*P —^ 
p of T*P as well as its Poisson structure. Hence the quotient manifold T*P/G is a vector 
bundle [vr*] : T*P/G P/G over P/G. The linearity of the Poisson bracket {•,•} on 
G°°{T*P/G) means that if f,g ^ C°°{T*P/G) are linear on the fibres of [vr*] : T*P/G —>■ 
P/G then the Poisson bracket {/, g} has the same property. So, we have consistency 
between vector bundle and Poisson manifold structures of T*P/G. The above is also valid 
for the Poisson structure of T*{P/G). 

The linear Poisson structure of the bundle P XAd^ T*G P/G is defined as follows. 
Let vtq be the zero Poisson tensor on P and let ttl-p be the Lie Poisson tensor on T/G 
defined by ([HTIl . The product Poisson structure vtq x vr^-p defined on P x T*G is invariant 
with respect to the action (pg x Ad* : PxT/G^PxT*G, g€G. Hence one has on 
the associated vector bundle P XAd^ T/G P/G the quotient linear Poisson structure. 
This property follows from the linearity and the Ad^-invariance of the Lie-Poisson bracket 
defined in ([3T|) . 

To conclude we mention that a* and i* are Poisson maps and preserve the vector 
bundle structures in the short exact sequence (1381) . 
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3.4 Relationship between the symplectic dual pair and the dual Atiyah 
sequence 

As we have shown in the two previous subsections the principal G-bundle structure 
^ : P ^ P/G of P leads to two crucial, from the point of view of Poisson geometry, 
structures described in the diagrams (1321) and ([381) . respectively. We now discuss the 
relationship between them. For this reason, using the isomorphism I : P x T^G —)• P 
defined in (j21l) . we consider the short exact sequence of vector bundles 

0 ^ T^'^P ^ T*P Px T*G ^ 0, (39) 

dual to ([35|) . where the subbundle T^^p c T*p is the annihilator of P in TP; that is, 
Tp^P consists of those if €T*P which satisfy 

If o TKp{e) = 0. (40) 

The vector bundle epimorphism I* dual to I is related to the momentum map ()26h by 

P{ip) = {7r*iip),J{ip)y, (41) 


that is, I* = TT* X J and the map t* : T*P/G —>■ P XAd^ T*G given by 

i* = [/*], (42) 

is the quotient of I* over the group G. We see from (1^ and (I40|) that T^^p = J“^(0) 
which implies that T^^p is a G-invariant vector subbundle of T*P. 

It follows from the Marsden-Weinstein symplectic reduction procedure [5], that T^^P/G 
J~^{0)/G is a symplectic leaf of T*P/G corresponding to the one-element Ad^-orbit con¬ 
sisting of the zero element of T*G. Proposition [TH] below shows that the dual anchor 
map a* : T*{P/G) T*P/G defines a fibrewise linear symplectic diffeomorphism be¬ 
tween T*{P/G) and J“^(0)/G. The result can also be found in [HI 5.4]. Note that this 
fact follows also from the general theory of Lie algebroids, where the dual a* of the an¬ 
chor map a is a Poisson map from the symplectic manifold T*{P/G) to the symplectic 
leaf J“^(0)/G C T*P/G which in this case is equal to {i*)~^{P XAd^ {0}) = T^^P/G. 
However it is interesting to prove this result explicitly. 


Proposition 13. One has the vector bundle isomorphism 


T*{P/G) 


pyopjG 


TT 


\T^ 


P/G 


id 


P/G 


( 43 ) 


which is also a natural isomorphism of the symplectic manifolds. 
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Proof. In order to describe a* in an explicit way we recall that ^ o Hg = fi and thus 


Tii{pg) o TKg{p) = Tp{p). 


(44) 


Dualizing 


and noting that Tp{p)* : T^P we obtain 


Tp{pt 

Tp{pgf 


ID 

± p 1 


TkUp) 


^VO p 

P9 


(45) 


where Tp{p)*, Tp{pg)* are monomorphisms of vector spaces and T*Kg{p) is a vector space 
isomorphism, for any p ^ P and g €z G. 

From ()4S|1 we see that a* : T*{P/G) T^^P/G is given by 


T*{P/G) a*(p) = {TpipgTp : g e G} e T^^P/G. 


(46) 


Now we will show that the canonical 1-form 7 of the cotangent bundle T*{P/G) is 
obtained as the reduction by a* of the canonical form 7 defined in (|23l) . For this reason 
we choose a local trivialization 


ifoL '■ P ^(f^a) —Dq X G, (47) 

where Dq = M := P/G, of the principal bundle P{M,G, p). Using local sections 
Sq, : Dq —where Sa{m) := we define 

<(P) := Tp{sa{m))*p (48) 

the maps a* : (i/*)“^(Dq) —)> (^ o 7r*)“^(DQ,) which “trivialize ” the vector bundle isomor¬ 
phism a*. Here u :TM ^ M and u* :T*M ^ M are the bundle projections. 

Note that for p = Sa{m) one has 

a* (p) oTKp{e) = {Tp,{sa{rn))*p) o TKp{e) 

= po {Tp{sa{m)) o TKp{e)) = po T{p. o Kp){e) = 0. (49) 

The last equality in (|49l) follows from the fact that the map po Hp : G ^ M 

{poKp){g) = p{pg) = p{p) 

is constant on G. Thus we find that a* (p) € T^^P. 
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Now for p € (i^*) and ip = a* (p) € (tt* o p) we have 

{{iO*lp,Cp) = (7^,ra*(p)ep) = {p,Tn*ip)T^l{p)^,) 

= {<f,T{TT*oal){p)^p) 

= {Tp{so.{u*{p)rp,T{v*oal){p)Q 

= {p,Tp{s^{v*{p))T{v* oal){p)ip) (50) 

= {p,T{pov* oal){p)ip) 

= {p^T(\d){p)ip) = {p,ip) = (%,Cp), 

where we used the following equalities 

/i o TT* o a* = idn„ and (s„ o i/*)(p) = (tt* o a* )(p). (51) 

From (f5U|l we conclude that 

(a^)*7 = 7 (52) 

on (z^*)~^(no). The above shows that (a *)*7 = (aj )*7 on z>“^(nanflt). As a consequence 
we obtain (a* )*7 = 7 . □ 

As we have seen, the dual symplectic pair ([32]) gives a one-to-one correspondence 
between the coadjoint orbits 0 C T*G oi G and the symplectic leaves S C T*P/G 
of T*P/G given by (l33]) . Using the Atiyah dual sequence ([381) we can investigate this 
correspondence in more detail. At first let us make the following observation: 

Proposition 14. For any coadjoint orbit 0 <ZT*G, we have: 

J-H0)/G = U-'(PxAd^0). (53) 

Proof. At first we note that 

j-i( 0 ) = y (r;p n J-^{0 )) = i*-\p x 0 ). ( 54 ) 

p£P 

Since J and I* are G-equivariant maps and l* = [/*] we obtain (l53|l by quotienting (IMI) 
over G. □ 


We observe that the vertical arrows in the diagram 

T*P/G - ^^PxAdl,TfG 

[tt*] \pri] 

P/G - - —- P/G, 


(55) 


which is a part of the dual Atiyah sequence ([38]l . are the projections on the base of the 
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corresponding vector bundle, whereas the map i* : T*P/G —)■ P T*G is the bundle 
projection of an affine bundle over P XAd*^ T*G. 

In order to see that the fibre i{p,x))i where {p,x) € [p?’i]~^((p)) and {p,x) € P x 
T*G, is an affine space over the vector space T^^^{P/G), let us take {pi)-, ((^ 2 ) £ i'*~^{{Pi x))- 
From ima* = keri* it follows that there exists a unique p G T^^^^{P/G) such that 

{pi) = {P2)+a^*{p)- (56) 

So, the vector space T*^~^{P/G) acts freely and transitively on i*~^{{p-,x))- Note that 
dimP"^((p,x)) = d\mT^s^{P/G). 

The affine hbre bundle l* :T*P/G ^ Px can be described in the groupoid lan¬ 

guage. Namely, let us consider the cotangent bundle T*{P/G) as a groupoid T*{P/G) ^ 
P/G in which the source and target maps are equal to v* : T*{P/G) -A- P/G. Then 
the dual anchor map a* : T*{P/G) -A T*P/G is the momentum map for the action of 
T*{P/G) =1 P/G on T*P/G dehned in (1^51) . The orbits of this action are the fibres of 
i* : T*P/G -A P XAd^ T*G. From the above and from Proposition [2] it follows that all 
concerning ()55p is also valid for the hbration 

J-^{0)/G - - —- P XAd*^ 0 


Ipn] 


P/G 


id 


P/G 


(57) 


Let us mention that T*P/G does not have a fibre structure over T*{P/G). However, 
choosing a section a : P x^d^ T*G ^ T*P/G of the affine bundle l* : T*P/G -A P XAd^ 
T*G we obtain the vector bundle epimorphism a : T*P/G -A T*{P/G) dehned by the 
action (1561) as follows 

a*(d((¥5)) = (V?)-a((p,x)), (58) 

where L*{{p)) = {p,x)- Note here that a* is a monomorphism of vector bundles, thus the 
equality ([^ dehnes a{{ip)) € T*{P/G) uniquely. 

The following theorem summarizes observations mentioned above . 

Theorem 15. (i) The Poisson vector bundle [vr*] : T*P/G -A P/G has the structure of 

an affine bundle i* : T*P/G -A P XAd^ TfG over the total space of the vector bundle 
[pri] : P XAdj TfG -A P/G, i.e the fibre t*~\{p,x)) of {p,x) e P ^Ad^ TfG is an 
affine space over the vector space (P/G). 

(a) The symplectic leaf S = J“^(0)/G has the structure of an affine fibre bundle over 
over the total space of the bundle [pn] : P XAd^ 0 ^ P/G with the orbit 0 G TfG 
as a typical fibre. 
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(Hi) Fixing a section a : P 0 T*P/G we could consider the symplectic leaf 

J~^{0)/G as a fibre bundle 

vr^ : J-^{0)/G ^ T*{P/G) (59) 

over the cotangent bundle T*{P/G) with 0 as the typical fibre. The total space and 
the base of (ESD are symplectic manifolds. However, the bundle projection -k^ is not 
a Poisson map in general. 

(iv) In the case when 0 is a one-element orbit 0 = {x} (such an orbit corresponds to 
a character of G) the bundle map : J~^{x)/G T*{P/G) defines a diffeomor- 

phism of manifolds, but it is not a symplectomorphism. The difference uj^ — TT*df of 
symplectic forms, where Uy- is the symplectic form of the symplectic leaf J~^{x)/G 
and 7 is the canonical symplectic form on T*{P/G), and is called the magnetic term, 
see [I2], [I3]. 

If G is a commutative Lie group all the coadjoint orbits are one element sets 0 = {x}, 
where x € TfG. Hence we have 

J-\x)/G = P-\P XAd^ {x}) = i*-\P/G X {x}) 

= {{ifp) G T*P/G : ipp o TKp{e) = x}, (60) 
where ipp G T*P and (pp) G [7r*]“^((p)). If Pp,‘Pp G T*P satisfy 

Pp o TKp{e) = ppo TKp{e) = x 

then {pp — pp) G J~^{0'\/G = T*{P/G). Taking the above facts into account and 
identifying P/G x {x} with P/G we conclude the following 

Remark 16. If G is a commutative group then the symplectic leaves J~^{x}/G, x € TfG, 
are affine bundles over P/G modeled over J~^{0)/G = T*{P/G), i.e. for (p) G P/G the 
fibres P~^{{p)) are affine spaces over the vector spaces T*^.^{P/G). 

A nice geometrical way to dehne a section a is given by the choice of a connection 
form a on the principal bundle p, : P ^ P/G (see [l3]), i.e. such a G r°°(T*P,TeG) that 

Op o TKp{e) = idT„G (61) 

and 

apg O TKgfp) = Adg-1 oup. (62) 

The conditions (1611) and (1621) imply that the bundle epimorphism a : TP ^ P x TeG 
defined on TP by 

^Vp) := {p,ap{vp)), (63) 

where Vp G TpP, after quotienting by G gives the map 

[d] : TP/G ^ P XAdG TeG. (64) 

The dual of (f6^ 

u := [d]* : P XAd^ T:G ^ T*P/G (65) 

is the section of l* : T*P/G P XAd’j. TfG mentioned above. 
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4 Short exact sequences of groupoids over gauge groupoids 


Applying the constructions investigated in Section [21 we will construct two short exact 
sequences, (177|) and ([86]l . of flS-groupoids over the gauge groupoid =1 P/G. These 
are related to each other by the dualization procedure described in 112.41 Applying the 
results obtained in Section [3] we investigate the groupoid and Poisson structures of the 
objects involved (|86l) . 


4.1 The tangent Vi3—gronpoid of a gauge groupoid 

Let us consider the tangent llB-groupoid 

T{P X P) -- PxP 


Tpri 


Tpr2 


pri 


pr2 


TP 


P 


( 66 ) 


of the pair groupoid P x P ^ P. Since 

Tpri X Tpr2 : T{P x P)^TP x TP 

is a vector bundle isomorphism we will identify the tangent VS-groupoid T{P x P) ^ TP 
with the pair 12S-groupoid TP x TP =1 TP. By T^{P x P) we denote the vertical 
subbundle of the tangent bundle T{P x P) defined by the action 

K 2 :{PxP)xG^{PxP), i{p,q),g) ^ {pg,qg), (67) 

of G on the product P x P. In consequence X G TgG acts on {vp,Wq) € TP x TP as 
follows 

{vp,Wq) ^ {vp + TKp{e)X,Wq +TKq{e)X). ( 68 ) 

Note that {vp,Wq) = {Tpri{p,q) x Tpr 2 {p,q))v(^p^qp where G T(^pq^{P x P), and thus 

T^p,q){P X P) := {{TKp{e)X,TKq{e)X) G TpP x TqP- X G T^G}. (69) 

It follows from the properties of morphisms of BB-groupoids which preserve the side 
groupoids, that T^ {P x P) ^ T^P is a subgroupoid ofT{P x P) ^ TP. 

The groupoids mentioned above form a short exact sequence of BB-groupoids as defined 
in H2.41 

T^{PxP) -- TPxTP - 


H U H (70) 

- TP - - —- TP/TeG 
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Here each side groupoid is the pair groupoid P x P ^ P, and j, q — ^ is the 
quotient of the pair groupoid TPxTP^TP hy TeG. 

Now we define a HB-groupoid 

P X TeG X P -- Px P 


t 


s 


pri 


pr2 


P X TeG 


p 


(71) 


over the pair groupoid P x P ^ P as follows: 

■= Hp,X,q) ■= (P,^), £{P,^) ■= iP,^,p), 

i^{p,X,q) := {q,X,p), {p,X,q){q,X,r) := {p,X,r), 

where p,q,r G P and X G TeG, and the horizontal arrows in (|71D are projections on the 
suitable terms of the product manifolds. 

Let us define a map I 2 : P x TeG x P ^ T^{P x P) by 

hip, X, q) := iTKpie)X, TKg{e)X). (72) 

Proposition 17. The map I given by m, and the map h define an isomorphism 

PxTeGxP ►r^(P X P) 


PxTeG - - -- T^p 

of VB-groupoids over P x P ^ P. 

We conclude from the above that I and h trivialize the vertical subbundles T^P —)■ P 
and T^ (P xP) PxP, respectively. Let us also note that the 'llS-groupoid isomorphism 
given in (|73p is equivariant with respect to the action of the group G defined on P x TeG x P 
by 

ip, X, q) ^ ipg, Adg-i X, qg) (74) 

and on T^(P x P) by 

iTKpie)X,TKgie)X) ^ HTn^ip) oTKpie))X, iTn^iq) o TKgie))X) 

= UTKpgie) o Adg-i)X, iTKggie) o Adg-i)X) (75) 
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where g & G. From (j7Up and the isomorphism (|73|) we obtain the following short exact 
sequence of VS-groupoids 

PxTeGx P -—^ TP X TP - 


H U H (76) 

PxT^G - - -- TP - - - ^TP/TeG 


over PxP ^ P in which all arrows commute with the action of G. Thus, after quotienting 
by G, we obtain the short exact sequence of h23-groupoids 



over the gauge groupoid =1 P/G. The oblique upper and lower arrows in (177)1 give 
the Atiyah sequences for the principal bundles P x P —> and P ^ P/G, respectively. 
Note that the last groupoid in the short exact sequence (177)1 is the tangent prolongation 
groupoid of the gauge groupoid ^ P/G. 

4.2 The cotangent V23—groupoid of a gauge groupoid 

Now let us dualize (I77p in the sense of li2.4l Since dualization commutes with the 
action of G we start from the dualization of (|76p . 

Proposition 18. There are the following vector bundle isomorphisms: 

(i) core {TP x TP) = TP, 

(ii) core {T^ {P x P)) = core (P x T^G x P) = P x {0}, 

(iii) core = TP. 

Proof, (i) From the definition we see that {vp, Wq) G core (TP x TP) if and only ii p = q 
and Wq = 0. Thus core {TP x TP) = TP x ({0} x P) = TP. 
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(ii) The element {p,X, q) G core {P x T^G x P) if and only if p = q and X = 0. Thus 
core {{P X TeG x P)) = {0} x P. 

(hi) An element {vp,Wq) G defined by 

{vp,Wq) := {{vp + TKp{e)X,Wq + TKq{e)X); XeTeG}. (78) 

So, {vp,Wq) G core ^ ^ ^ ^ if and only ii p = q and Wq = Tnq{e)Y for some Y G T^G. 

Choosing in (|78n X = —Y we find that 

fTP X TP\ 

core ———J = {(np,0p); Vp G TP} ^ TP. 

□ 


Applying the dualization procedure presented in Subsection [23] and Proposition [TSI we 
see that the short flS-groupoid sequence (over P x P ^ P) dual to (170]) is 


r^o(p X py 


4* 


T*P X T*P -^ P X T*G X P 


H U H (79) 

1 r/ TT* 

T*p - — -^ T*P -^ p X {0}* = P 

where the dual A2 of A2 is the inclusion map and is given by 

■= {p,Tp°TKp{e) +yqoTKq{e),q) (80) 

for p = 7 r*{(p) and q = Tr*{'y). The map ■ T*P x T*P P x T*G x P is a groupoid 
morphism over the bundle projection vr* : T*P —)■ P. 

We note here that for T*P x T*P ^ T*P we have 

s{(Pp,yq) = -i>q, 

^Tp,yq) = Tp, 

£{Tp) = i‘fp,-Tp), ( 81 ) 

yPpi^q) ~ {~'4’q': ~Tp) 1 

(y?p,'0ij)( Ipq, Xr) = {(pp,Xr), 

as the source map, target map, identity section, inverse map and groupoid product, re¬ 
spectively. 

Remark 19. It is easy to see that the involution 6 : T*P x T*P ^ T*P x T*P defined 
by 

^iSPpi'4’q') ~ i}Ppi~'4^q) (82) 

gives an isomorphism of symplectic groupoids between the pair groupoid T*P x T*P ^ 
T*P with the symplectic form d{prl'y — pr^j) on T*P x T*P and the symplectic groupoid 
T*P X T*P ^ j'*p for which the groupoid structure is given in ()81ll and the symplectic 
form is d{pr\'^ +P'f2l)- 
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The groupoid maps for the groupoid PxT*GxP^P are defined in the following 
way: 


s{p,X,q) ■.= q, t{p,X,q) ■.= p, e(p) := (p, 0,p), 

L{p,X,q) := {q,-X,p), 

and the groupoid product of {p, X, q), {q, y,r) £ P x T*G x P is defined as 

{p, q){q, y, r) := {p, X + y, r). 

The second component of the bundle epimorphism defines the momentum map 

hiPpAq) = PpoTKp{e) XijjgoTKg^e) (83) 

for the cotangent bundle T*{P x P) = T*P x T*P whose symplectic structure is given 
by the canonical symplectic form ^72 = d{pr\'y X pi^ 2 l) action of the group G on 

P X P is defined in (l67)l . 

In order to see that J 2 '■ T*P x T*P —>■ T*G is a momentum map we note that 
{P X P, p ,2 ■ P 'X P ^ : G) is a G-principal bundle and apply the same consideration 

as for J : T*P T*G in (f2U|l . 

We note also that the vector bundle ^ tpxTP ^ P x P is isomorphic to the vector 
subbundle T^^t^p x P) ^ P x P which contains such {pp^'il^g) £ T*P x T*P that 

ippoTKpie)+ i;qoTKq{e) = 0. (84) 

Hence we can identify the dual "HS-groupoid ^ ^ ^ ^ ^ j^*p -^vith the subgroupoid 

TV 0 (^P X P) ^ T*P of the dual H 8 -groupoid T*P x T*P ^ T*P. 

For any g £ G one has 

Il{T* Kg{p)pp,T* Kg{q)%l^q) = {pg,kd*g-i{ippoTKg{e)+\ljgoTKg{e)),qg), (85) 

where {ipp,'ijjq) £ T*P x T*P. Thus all horizontal arrows in (1791) define G-equivariant VB~ 
groupoid morphism. All groupoid maps and products for the groupoids in ([7^ are also 
G-equivariant. 

So, according to Proposition [101 quotienting ([791) by G we obtain the short exact 
sequence of HB-groupoids over the gauge groupoid P/G 




























which is the dual of the short exact sequence of (|77|) in sense of the dualization procedure 
described in Section [2j In particular the first groupoid of ([861) is the VS-groupoid dual to 
the tangent prolongation groupoid of the gauge groupoid =1 P/G. 


4.3 Symplectic leaves of duals of Atiyah sequences 


The results of Section [3l in particular Theorem [151 can be applied to the short exact 
sequence 

J.*(^PxP^ a.2 . T*PxT*P 


G 


G 


(PxT*GxP) 

G 


\ \ \ (87) 

PxP id PxP PxP 

G G G 


of linear Poisson bundles; this is the dual of the Atiyah sequence of the G-principal bundle 
{P X P, fi 2 ■ P X P ^ Note that (1571) is part of the I^-groupoid short exact 

sequence (l86|) . In ([861) both a-^d a^ are Poisson maps, and are PB-groupoid morphisms. 
Summarizing the above, we can say that the structures of groupoid, vector bundle and 
Poisson manifold are consistently involved in the diagram ([86]). 

From the considerations in Subsection 14.21 especially of ([86]l . we see that the core of 
the PB-groupoid . 

rr*/PxP\ F 2 J . PxP 
^ y G ) G 


(t) 


(s) 


(pri) 


{pr2) 


T*P/G- 


F 


P/G 


( 88 ) 


consists of all {ipp,0p) G ^ ^ such that (pp o TKp{e) = 0, where p ^ P. Thus, using 

(I38p . we have the following isomorphisms 

core r*(^)J-i(0)/G and T*{P/G) ^ J-\0)/G (89) 

of vector bundles over P/G. In particular, the core of is isomorphic to T*{P/G). 

The vector bundle T*{P/G) P/G can be regarded as a totally intransitive groupoid 
on base P/G and as such acts on T*P/G by 

T*{P/G) * T*P/G 3 iPip),{^p)) ^ ^*iP{p)) + iVp) e T*P/G. (90) 

Recall here that a.*{p^p'^), (pp) G K*]~^((p))- The moment map for the action (f^l) is 
[vr*] : T*P/G -3 P/G, i.e. [7r*](((/Pp)) = {p) G P/G and 

T*{P/G)*T*P/G = {{p, (^)) € T*{P/G) X T*P/G-, v*{p) = [7r*]((99))}, (91) 
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i.e. (/9, (if)) € T*{P/G) * T*P/G if and only if {q) = {p). 

The action groupoid of ([9n|) is T*{P/G) <[ 7 r*] T*P/G ^ T*P/G and according to 
Proposition 11.2.3 in [7j, valid for a general llB-groupoid, one has the short exact sequence 
of Lie groupoids 


T*{P/G) <[^*] T*P/G- 




'PxP\ 


PxP 

G 


T*P/G 


id 


(92) 


T*P/G 


P/G 


There are other crucial statements which we collect in the following proposition: 

Proposition 20. (i) The groupoid ^ is the symplectic groupoid of the 

Poisson manifold 

(ii) The symplectic groupoid T* (^ is a subgroupoid as well as a symplectic 
leaf of the Poisson groupoid ^ ^ . 

(hi) Therefore the symplectic leaves of^^, defined as J~^{0)/G are orbits of the stan- 
dard action of the groupoid T*{ ^ ^ on its base 

(iv) As a consequence of (l92l) . any symplectic leaf J~^{0)/G is foliated by the orbits of 
the action ofT*{P/G) ^ P/G on T*P/G; these orbits are the fibres of the affine 
bundle l* : J~^{0)/G —>■ P XAd^ 0- 

Here (i) is a particular case of the theory introduced in [15]. 

The symplectic leaves J^^(0)/G of ^ ^ may be included in a sequence 

of morphisms of fibre bundles, shown in (1931) . similarly to (57). 

r*(TxP) -^ {PxQxP) 


\ \ \ (93) 

PxP _ id PxP _ PxP 

G G G 

So, Proposition[T5]is valid in this case as well as in the case of symplectic leaves J~^{0)/G, 
where 0 G T/G. From ([Mil we have 

r*(TxP) - {PxQxP) 


id 




T*P/G- 


T*P/a 
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P/G 


( 94 ) 











































Note that in diagram ([Mil only ^ is a groupoid. The target and source 

maps of (T*P x T*P)/G restricted to define symplectic and anti-symplectic 

realizations of T*P/G, respectively. (In general these realizations are not full.) Thereby, 
we have the family of symplectic (anti-symplectic) realizations of T*P/G, parametrized 
by the coadjoint orbits 0 C T*G. 

Proposition 21. The action of the symplectic groupoid T* (^ on the symplectic 
realization t: J 2 ^{ 0 )/G —>■ is a symplectic action; that is, the graph of the action 

r*(£xP) J2\0)/G ^ J2\0)/G (95) 

is Lagrangian and t: J2^{0)/G —)■ is a Poisson map which is equivariant with respect 
to this action and the natural action of T* () on its base. Corresponding results with 
signs reversed hold for the action of T*(on s : J^^(0)/G —)• 

Proof. First consider the multiplication 


T*PxT*P .. T*PxT*P . T*PxT*P 

- G - ^T*P/G - G -^ - G - 


(96) 


in the groupoid ^ T*P/G. This is the quotient over G of the groupoid T*P x 

T*P ^ j'*p (with the structure from (| 8 ip i. which is a symplectic groupoid with respect 
to the form d(pr *7 Tpr^y), where 7 is the canonical 1-form on T*P] since G preserves the 
symplectic structure, ^ p ^ T*P/G is a Poisson groupoid. In particular, the graph 
of the multiplication (|96l) is coisotropic in x x where we write ^ ^ ^ for 

brevity. 

The map (IM|) is a restriction of the multiplication ([Mil . By (IHTjl . T* () is (i2)~^(0) 
and J^^(0)/G is (i 2 )~^((-P ^ 0 ^ P)/G). Since i 2 is a morphism, it follows that the 
groupoid multiplication of an element of by an element of J 2 ^{ 0 )/G is again an 

element of J^^( 0 )/G. 

Further, since J^^(0)/G is a symplectic leaf in and T* () is a symplectic 

submanifold of ^, the restriction of (j96p again has coisotropic graph, and by counting 
dimensions, is Lagrangian. Thus ()95p is a symplectic action. □ 


5 Applications in Hamiltonian mechanics of semidirect prod¬ 
ucts 

In this section we investigate a few special cases of the results obtained in the two 
previous sections. We also indicate applications in the theory of Hamiltonian systems. 

Let us begin with the simplest case when P = G. Then the dual Atiyah sequence (I38p 
reduces to the well-known isomorphism of Poisson manifolds T*GIG = TfG. The interest 
of the situation becomes clear if one considers the reciprocally dual short exact sequences 
of I®-groupoid presented in diagrams (TTTp and ([ 86 p . 
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Setting P = G in ([771) obtain the following short exact sequence of VS-groupoids 
over the group(oid) G ^ {e}: 



The central llB-groupoid in (IW[) is the gauge groupoid of the principal bundle {TG, fj, : 
TG —>■ TG/G = TeG,G). Note that the group G acts on the tangent bundle TG by the 
tangent lift of the right action of G on itself. The final T8-groupoid of the short exact 
sequence ([97]) is the tangent group TG ^ {e} of the group G. The upper short exact 
sequence in dSZl) is the Atiyah sequence of the principal G-bundle {G x G, fj, : G x G ^ 

GycG rxj 

Remark 22. The initial VK-groupoid in (1971) has core zero and is a special case of the 
initial VK-groupoid in ([771) . Note that there is no natural groupoid structure ^ 
for a general Lie groupoid 

The dualization of (1771) , according to (IHHl) , leads to the dual sequence of V^-groupoids 



(98) 


in which are morphisms of Poisson manifolds. 

We now consider the case in which the total space P is a Lie group H and G = N (Z H 
is a normal subgroup of H. This includes the case just treated. So, K := H/N is a group 
and one has the short exact sequence of Lie groups 


{e} ^ N G H ^ K ^ {e}. 


(99) 


We further assume that there is a global section a K ^ H oi the principal bundle 
^ : H —)■ iL; we do not require <7 to be a morphism of groups. Without loss of generality 
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we can assume that cr{eK) = gh, where ex and en are the neutral elements of K and H, 
respectively. Since a : K ^ H is transversal to the fibres oi fj, : H ^ K, we define an 
isomorphism of principal bundles T, : K x N ^ H (trivialization of fj, : H ^ K) as follows 

Ti{k,u) := a{k)i{u). (100) 

From (jlOnH one obtains the decomposition 

Vh = o cr)(fc)4 + T{L„(^k) ° i^){u)i'u (101) 

of Vh € ThH on {I'ujCk) S T^K x TuN which defines the connection F : TK —)■ TH by 

F(A:)(4) :=m(,)oa)(fc)4 (102) 

and the connection form a G T°°(TH,TeN) by 

a{vh) = T{r^ o Lh-i){h) o - T{R,(u) o a o ^)) {h)vh, (103) 

where u = a{fi{h))~^h. 

Let us note here that T{R^(^X) o a o ^)(/i) : ThH —)• ThH is a projection of ThH on the 
horizontal subspace T{Ri^^X) ° Gr){k){ThK) and — T{Ri^i^X) ° cr o fi){h)) : ThH —>■ ThH 

is a projection of ThH on the vertical subspace T{L„(^h) ° t'){TuN) of the connection F : 
TK TH. 

Dualizing T :TK ^ TH we obtain T* :T*H ^ T*K which for iph GT^H is given by 

= ThoT{RhO a){k), (104) 

where h = a{k)i{u). 

Note that the cotangent lift T*Rg : T^H —>• T^^H of the right action Rg : H ^ H is 
given by 

T*Rg{(ph) = iph° {TRg{h))~^ = iphoTRg-i{hg) (105) 

and the corresponding momentum map Jjj '■ T*H —)• T*H is given by 

JniTh) = ThoTLhie) (106) 

and satisfies 

JHoT*Rg = Adl.^oJH (107) 

for g G H. 

Since for u G one has F* o T*R^(^u) = T* the map (|104p defines the map [F*] : 
T*H/N —^ T*K which is not necessarily a Poisson map. 

Using (IIOID we obtain the explicit formula of the map TS : TK x TN TH 

rS(4, Vu) ■= T{R,(^x^ o a){k)ik + T{L„(^h) ° i'){y)vu, (108) 

where G T^K and Vu € T^N, tangent to the trivialization map T, : K x N ^ H defined 
in (11001) . Since T{L„(^h) ° i'){u)vu S kerTg{h) and 

/r o o o-= idi^ (109) 
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we find that inverse of TS is given by 


(TE) ^{vh) = {Tn{h)vh,T{i ^ oL^,-i){h)o{idT^^H-T{R,^^)oao ^)){h)vh) , (HO) 
where k = fi{h), t,{u) = a{^{h))~^h. 

The diffeomorphism T^E := ((rE)-^)* : T*K x T*N T*H dual to (TE)”! takes 
the form 

T*T.{6k,Xu) = OkoTn{h) + XuoT{r^ o Lh-i){h) o {idr^H - oaofj.){h)) (111) 

on {9k,Xu) G '^k^ ^ T*N. It factorizes T*H into the product of cotangent bundles 
T*K X T*N and allows us to simplify the form of the momentum map 

J{^h) = ^h°TLh{e) oTi{e) (112) 

where (ph £ '^h^- Namely, for (J o T*E) : T*K x T*N —>■ T*N we have 

(J o T*J:){9k,Xu) = Xu o T{L,^^) o i){e). (113) 

For reasons which will be clear later we take the pullback of the momentum map (|106p 
and the pullback of the action (110511 on T*K x T*N. For {JhoT*T,) : T*K x T*N T*H, 
where h = a{k)i{u), one has 

{Jh o T*T.){9k, Xu) = 9k o T{p o Lh){e) 

+ XuO T{l~^ o Lh-i){h) o {idr^H - T{Rp^) o a o fi)) (h) oTLh{e). (114) 

In order to obtain the explicit form of the action 

T*R(i^^) := (T*E)“^ o T*Rg o r*E : T*K x T*N ^ T*K x T*N 
we take g = T,{l,w), where {l,w) £ K x N, and use the product formula 

{k,u){l,w) := T,~^{hg) = {kl,m{k,l)Q{l){u)w) , (H^) 

where the cocycle m : K x K ^ N and the map g : K ^ Aut N are dehned by 

m{k,l) := a{kl)~^a{k)a{l), (116) 

q{1){u) := a{l)~^ua{l). (117) 

We simplify the problem assuming triviality of the cocycle m : KxK N, i.e. we consider 
the case when m : K x K ^ {e}. Then g : K ^ Aut is a group anti-homomorphism 
and a : K ^ H is a group homomorphism. The group product (jllSp in this case assumes 
the following form 


{k, u){l, w) = {kl, g{l){u)w) = {kl, {R^ o g{l)){u)), (118) 
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and H is the semidirect product K \KpN. The product (|118|) leads to the formula 


T*R{i^y,){0k,Xu) = {Ok°TRi-i{kl),XuoT[{R,(^^-^o q{1)o i) (u)) (119) 

for the action x T*N ^ T^iK x 

Taking in (jinSli k = e and u = e we obtain the isomorphism 

rSe(^e, t'e) := Ta{e)^e + Ti{e)ue (120) 

of TgK X TgN with TgH and, thus the decomposition 

TeH = Ta{e){TeK) © Ti{e){TeN). (121) 

Superposing the dual (TEg)* : T*H T*KxT*N of dMl) with JhoT*^ : T*KxT*N 
T*H we find that the factorized momentum map 

Js ;= (TSe)* oJho T*T, : T*K x T*N T*K x T*N 


is given by 

J^{0k, k'u) = {Ok o TLk{e), Xu o T{L,(^^) o i)(e)) 

= {JK{0k), {J o r*E)(4, Xu)) = {JK{0k), Jn{Xu)), (122) 

where Jk ■ T*K —)• T*K and Jn : T*N —>■ T*N are the momentum maps for K and N, 
respectively. Combining (jllOp and (I122p we obtain the following equivariance property: 

Js o = (Ad;_i X Ad;_i o{Tg{l-^){e))*) o Js, (123) 

for Js, where 

KXpN3 {l,w) ^ (Ad^Ti X Ad;_i o(T^(/-i)(e))*) G Aut{T*K x T*N) (124) 

is an anti-homomorphism of A A" = Jf in Aut(Tg*A x T*N). 

Note that Js is the momentum map related to the symplectic form d{{T*Ti)^XH) where 
{T*Ti)^Xh is the pullback of the canonical one-form xh of T*H by T*S : T*K x T*N —>■ 
T*H. The subsequent proposition expresses {T*Ti)^xh in terms of the canonical form xk 
of T*K and the connection form a defined in (jl03p . 

Proposition 23. One has the following equality 

{{T*Td)^XH){0k,Xu) = {prK)*XK{0k) + Xu o TL,(^^){e) o (S o [(7r|^ opr|^) x (vr^^ o pr^)])*Q!, 

(125) 

where irf. : T*K —>■ K and ; T*N —>■ N are the projections on the bundle bases, 
and prf^ : T*K x T*N —)■ T*K and pr’j^ : T*K x T*N —>■ T*N are projections on the 
corresponding components of the manifolds products. 
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Proof. For G K x T*N) we have 

(((r*s),7H)(0x,x«),^(0„x„)) = ((7H((r*s)(0fc,x.)),r(r*s)(4,x.)^(0„x„)) 

= (((r*s)(0fc, xj, r7r*((T*s)(0fc, x.))T(r*s)(0fc, xn)X(,,,x.)) 

= (((r*s)(0fc, xj, r( 7 r* o r*s)(0fc, xJ)X(0^,x„)) (126) 

= (6»fc or/i(/i) + x« orL^(fc)-i(/i) o {idT^H - T{R,i^u) o a o fj,){h)),T{7r* oT*Tdi{ek,Xu))X(^eu,xu)) 
= {ek,T{^i o 7T* o r*S)(0fc, Xn)X(,,,x.)) + {Xu,TL,^^){e) o a o T(7r* o r*S)(0fc, Xn)X(,,,x.))> 

where for the last equality we used (|103p . Now we observe that 

TT* o T*T, = S o opr^) x (tt^ opr^)) (127) 

and 

1 /o TT* o T*S = TT^ o prif. (128) 

Substituting ()127ll and (112811 into (I126D we obtain 

(((r*E),7H)(0i^,Xn),X(,^,x„)) 

= (0fc,T(7r^opr|,)(0fc,x.)X(,^,x.)) 

+ {Xu,TL,(^^) (e) o a o T(E o ((vrl^ o pr^) x (vr^r o prXr)))(6lfc, X«)^(0fc,x.)) 

= ((p^k)*7k,^(0,,x„)) 

+ {XuoTL,(^){e)oaoT{T. o ((7r|^ opr^) x (tt^^ opr;^)))*(6'fc,x«),-’^(0fc,x„))) 

(129) 

which gives (|125p . 

□ 

The first term in pi25p is the pullback of xk and the second one, called the “magnetic 
term”, is the pullback of the connection form a (superposed with Xu ° TLi{u){^) G TfN) 
on the product T*K x T*N. Let us note that {prff)*XK as a section of T*(T*K x T*N) 
is linear on the fibres of T*K and constant on the second factor of T*K x T*N. Similarly, 
the magnetic term is linear on the fibres of T*N, constant on the fibres of T*K, but not 
constant on the base K x N of T*K x T*N. 

Using the diffeomorphism T*S : T*K x T*N ^ T*H we can write the dual Atiyah 
sequence ([551) forP = i7 = iXXpA^ and G = N as follows 

0 ^ T*K 4 T*K X TfN 4 AT x TfN 0 (130) 

where a*{9k) = (0fc,O) and i*{dk,xi) = {k,Xi)- Hence the symplectic leaves of T*K x TfN 
are 

T*K X 0 ^ {J oT*'P)-^{0)/N = X 0)/iV, 

where 0 G TfN are coadjoint orbits of N. One obtains the symplectic structure of the 
leaf T*K x 0 by the reduction to l*~^{K x 0) C T*K x T*N of d{{T*T,)^XH) presented 
in (fT25]) . 
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Since Js : T*KxT*N T*KxT*N ^ T*H is a Poisson map of {T*KxT*N, d{T*T.)^-iH) 
into T*K X T*N with the usual Lie-Poisson bracket {-j'It*// of T*H, any function 
/ G C°°{T*K X T*N) dehnes a Hamiltonian / o on T*K x T*N. According to (11231) . 
if / is invariant with respect to the action 

{e} X IV 9 {e,w) ^ (id x Ad“ii) e Aut(T*K x T*N). (131) 

Then foJ^£C^{T*Kx T*N/N) ^ C°°{T*K x T*N) defines a Hamiltonian system on 
the Poisson manifold T*K x T*N. This is always so if N is an abelian group. 

In this case the coadjoint representation Ad* ; N —)• Autrg*A^ of N is trivial, i. e. 
Ad* = id. So, its orbits are one-element subsets {a} C T*N of T*N. Thus and from The¬ 
orem [15] it follows that [P*] : T*H/N —)■ T*K defines diffeomorphisms [P*] : J~^{a)/N —>■ 
r*iV, see also ([5^ . of the symplectic leaves J~^{a)/N^ a G T*N, with the cotangent 
bundle T*K. 

From point (ii) of Theorem 1151 we see that J~^{a)/N —)> H Xp^^*^ {a} = iV is an affine 
bundle over K. The diffeomorphism [T*] : J~^{a)/N —>■ T*K preserves the fibre bundle 
structures, i. e. it covers the identity map of the base K. Let us note here that 

J-^{a)/N ^ (Jor*S)"i((0,a))/A^ ^ T*K x J^^{a)/N ^ T*K x {0} ^ T*K (132) 

The symplectic form oja of (Jo r*S)“^((0, a)) is obtained as the reduction of 
So, from (|123l) and the diffeomorphism J“^(0)/A^ = T*K we find that 

Wa = d{'^K + {'Kk)*A), (133) 

where A is a one-form on K defined by the connection one-form a and a G T*N, and 
(7r^)*A is the pullback of A on T*K by 7r|^ : T*K —>■ K. 

As an example one can present the case of the heavy top, where K = SO{3),N = 
and p : 50(3) —)• AutM^ is the usual action of 50(3) on For detailed description of this 
case see for example [9] . For the description of the n-dimensional tops in the framework of 
semi-direct product Hamiltonian mechanics we refer the reader to m- One can find many 
others examples of application of semidirect product Hamiltonian mechanics in ISIEIIS] 
which concern also infinite dimensional physical systems. 

The short exact sequence of HB-groupoids (|86p in the case when P = H = K 
and G = N assumes the following form: 



K 


(134) 
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where we used the following diffeomorphisms 


K XgiV/A^ ^ K, 
{K \KgN) X {K \KgN) 


N 


X N X K, 


T*{K Xg N)/N ^ T*K X T*N, 

T*{{K x,N) X {K x,N)) ^ ^ T*N x T*N ^ 


N 

{K x^N) X T*N X {K Xg AT)) 
N 


N 

^ K X T*N X K. 


Let us note that we can consider (jl34l) as a product of the short exact sequence of 
LK-groupoids ([55I1 . taken for P = iL and G = {e}, with the short exact sequence of 
LB-groupoids ()86p taken for P = N and G = N. But we have to stress here that the 
Poisson structures in (I134p are not the products of the respective Poisson structures and 
they depend on the anti-homomorphism g : K ^ Aut N. 

To end, we mention that one can consider the Poisson manifolds which are included in 
the upper dual Atiyah sequence of ()134p as the phase spaces of some composed systems 
related to the ones presented in the lower dual Atiyah sequence of (11341) . 
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